Motivated by practical VLSI routing applications, we study the maximum vertex degree of a minimum spanning tree (MST). We prove that under the Lp norm, the maximum vertex degree over all MSTs is equal to the Hadwiger number of the corresponding unit ball; we show an even tighter bound for MSTs where the maximum degree is minimized. We give the best-known bounds for the maximum MST degree for arbitrary Lp metrics in all dimensions, with a focus on the rectilinear metric in two and three dimensions. We show that for any nite set of points in the rectilinear plane there exists an MST with maximum degree of at most 4, and for three-dimensional rectilinear space the maximum possible degree of a minimum-degree MST is either 13 or 14.
In this paper we settle the bounded-degree MST problem in the rectilinear plane: we show that given a planar pointset, the rectilinear BDMST problem with D 3 is NP-hard, but that the rectilinear D 4 case is solvable in polynomial time. In particular, we prove that in the rectilinear plane there always exists an MST with maximum degree of D 4, which is tight. We also analyze the maximum MST degree in three dimensions under the rectilinear metric, which arises in three-dimensional VLSI applications 11], where we show a lower bound of 13 and an upper bound of 14 on the maximum MST degree (using the previously known techniques, the best obtainable lower and upper bounds for three dimensions under the rectilinear metric were 6 and 26, respectively).
More generally, for arbitrary dimension and L p metrics we investigate : (i) the maximum possible vertex degree of an MST, and (ii) the maximum degree of MSTs in which the maximum degree is minimized. We prove that the maximum MST degree under the L p metric is equal to the so-called Hadwiger number of the corresponding L p unit ball. The relation between MST degree and the packing of convex sets has not been elucidated before, though Day and Edelsbrunner 6] studied the related \attractive power" of a point. For general dimension we give exponential lower bounds on the Hadwiger number and on the maximum MST degree.
Our results have several practical applications. For example, our e cient algorithm to compute an MST with low maximum degree enables an e cient implementation of the Iterated 1-Steiner algorithm of Kahng and Robins for VLSI routing 14], which a ords a particularly e ective approx-imation to a rectilinear Steiner minimal tree (within 0:5% of optimal for typical input pointsets 21]), and where the central time-consuming loop depends on the maximum MST degree 1] 2].
Our results also have implications to newly emerging three-dimensional VLSI technologies 11], as well as for any other algorithms that use an MST as the basis for some other construction.
The remainder of the paper is as follows. Section 2 establishes the terminology and relates the maximum MST degree to the Hadwiger numbers (the central result is Theorem 4 
It is known that the regular k-simplex realizes the lower bound and the k-hypercube realizes the upper bound 22]. Tighter bounds are known for k-hyperspheres; Wyner 23] showed that the Hadwiger number for spheres is at least 2 0:207k(1+o (1)) , and Kabatjansky and Leven ste in 13] showed that it is at most 2 0:401k(1+o (1) Let I(k; p) be the maximum number of points that can be placed on the boundary of an L p k-dimensional unit ball so that each pair of points is at least a unit apart. With respect to a nite set of points P < k p and an MST T for P , let (k; p; P; T ) be the maximum vertex degree of T (also referred to as simply the degree of T ). Let (k; p; P ) = max T 2 (k; p; P; T ), where is the set of all MSTs for P , and let (k; p) = max P < k (k; p; P ). In other words, (k; p; P ) denotes the maximum degree of any MST over P , and (k; p) denotes the highest possible degree in any MST over any nite pointset in k-dimensional space under the L p metric.
We will need the following result, which is easily established. Proof: We rst show that I(k; p) H(k; p). Suppose that I(k; p) points are on the boundary of B(k; p) and are each at least a unit distance apart. Consider placing an L p ball of radius 1 2 around each point, including one at the origin. By Lemma 1, these balls form a packing, and all the balls touch the ball containing the origin. Therefore, I(k; p) H(k; p).
Next we show that H(k; p) I(k; p). Consider a packing of L p unit balls, and choose one to be centered at the origin. Consider the edges connecting the origin to each center of the neighboring balls. The intersections of these edges with the boundary of B(k; p) yield a pointset where each pair of points is separated by at least a unit distance, otherwise we would not have a packing of L p unit balls. Lemma 3 The Hadwiger number H(k; p) is equal to (k; p), the maximum MST degree over any nite pointset in < k p .
Proof: We show that (k; p) I(k; p), the maximum number of points that can be placed on the boundary of an L p k-dimensional unit ball so that each pair of points is at least a unit apart. Let x be a point, and let y 1 ; : : : ; y be points adjacent to x in an MST, indexed in order of increasing distance from x. Note that (y i ; y j ) must be a longest edge in the triangle (x; y i ; y j ), and that the MST restricted to x and y 1 ; : : : ; y is a star centered at x. Draw a small L p ball around x, without loss of generality a unit ball, and consider the intersection of the segments (x; y i ), 1 i , with B(k; p; x). Let these intersection points be calledŷ i , 1 i , and suppose there is a pairŷ i and y j , i < j, with kŷ iŷj k p 1. Note that (ŷ i ;ŷ j ) is the shortest edge on the triangle (x;ŷ i ;ŷ j ), and (x;ŷ j ) is a longest edge. Now consider similar triangle (x; y i ; z), where z is a point on the edge (x; y j ). The path from y j to z to y i is shorter than the length of (x; y j ), so (y i ; y j ) is not a longest edge in triangle (x; y i ; y j ), a contradiction. We note this bound is tight for pointsets that realize
We next consider a slightly di erent number^ (k; p), which is closely related to (k; p). Recall that (k; p; P; T ) denotes the maximum vertex degree of the tree T . Let^ (k; p; P ) = min T 2 (k; p; P; T ), where is the set of all MSTs for P , and let^ (k; p) = max P < k (k; p; P ). In other words,^ (k; p; P ) denotes the degree of an MST over P that has the smallest possible degree, and^ (k; p) denotes the maximum of the degrees of all minimum-degree MSTs over all nite pointsets in < k p (recall that we use the phrase \the degree of T " to refer to the maximum vertex degree of the tree T ).
Although it is clear that^ (k; p) (k; p), it is not clear when this inequality is strict. In order to count^ (k; p), we de ne the MST number M(k; p) similarly to the Hadwiger number H(k; p), except that the translates of the L p unit ball B(k; p) are slightly magni ed. The underlying packing consists of B(k; p) as well as multiple translated copies of (1 + ) B(k; p), and M(k; p) is the supremum over all > 0 of the maximum number of neighbors of B(k; p) over all such packings. Clearly M(k; p) H(k; p). We also de neÎ(k; p) as the number of points that can be placed on the boundary of B(k; p) so that each pair is strictly greater than one unit apart.
Consider a set S = fx 1 ; : : : ; x n g of n points in < k p . For convenience, let N = 2 ( n 2 ) , and let S 1 ; : : : ; S N be the set of sums of the interdistances, one sum for each distinct subset. Let 0 < = min 1 i<j N fjS i ? S j j : jS i ? S j j > 0g
A perturbation of a pointset S is a bijection from S to a second set S 0 = fx 0 1 ; : : : ; x 0 n g (for convenience, assume that the indices indicate the bijection); we say that a perturbation of S is small
In discussing spanning trees of S and the perturbed set S 0 , we assume that the vertex set n]
consists of the integers 1 to n, where vertex i corresponds to point x i or point x 0 i . The topology of a tree over vertex set n] is the set of edges in the tree.
Theorem 4 Let S be a set of points in < k p , and let S 0 be a set of points corresponding to a small perturbation of S. Then the topology of an MST for S 0 is also a topology for an MST for S.
Proof: Let T be an MST for S, and let T 0 be an MST for S 0 . Let l(T ) and l(T 0 ) be the lengths of T and T 0 , respectively. Then l(T ) ? 2 < l(T 0 ) < l(T ) + 2 . Consider the treeT with the same topology as T 0 but with respect to pointset S. Now, l(T 0 ) ? 2 < l(T ) < l(T 0 ) + 2 , so l(T ) ? < l(T ) < l(T ) + . Since is the minimum positive di erence between the sums of any two distinct subsets of interdistances, l(T ) = l(T ), andT is also an MST for S.
Lemma 5 The maximum of the degrees of all minimum-degree MSTs over all nite pointsets in < k p , is equal to the maximum number of slightly magni ed unit balls that can be packed around a given unit ball; that is,^ (k; p) = M(k; p).
Proof: Let S be a set of points, and let be de ned as above. Place a small L p ball about each point x 2 S (without loss of generality a unit ball, though the intent is that x is the only point inside B(k; p; x)), and connect each distinct pair (x; y), x; y 2 S, with a line segment. Consider the intersections of these edges with B(k; p; x). Perform a small perturbation on S so that no two intersection points have length 1. Repeat the argument used in the proof of Lemmas 2 and 3, this time with balls of the form (1 + ) B(k; p), for small > 0. The rst part shows that I(k; p) = M(k; p), and the second that^ (k; p) Î (k; p). This bound is tight for pointsets that realizeÎ(k; p).
3 The Maximum L 1 MST Degree
Hadwiger numbers are notoriously di cult to compute. In this section, we determine the 2 and 3 dimensional Hadwiger numbers for the diamond and octahedron, respectively. The rst of these numbers is well-known, but we could not nd any reference for the octahedron. We also study the MST numbers, obtaining a value of 4 in two dimensions, and bounds in higher dimensions. For notational convenience, we de ne:
The Uniqueness Property: Given a point p, a region R has the uniqueness property with respect to p if for every pair of points u; w 2 R, kwuk < max(kwpk; kupk).
A partition of space into a nite set of disjoint regions is said to have the uniqueness property if each of its regions has the uniqueness property.
De ne the diagonal partition of the plane as the partition induced by the two lines oriented at 45
and -45 degrees through a point p (i.e., partitioning < 2 ?fpg into 8 disjoint regions, four \wedges" of dimension two (labeled R1 through R4 in Figure 1(a) ), and four \half-lines" of dimension one (labeled R5 through R8 in Figure 1(a) ). It is easy to show that the diagonal partition has the uniqueness property, which in turn implies an upper bound of 8 on the maximum MST degree in the rectilinear plane.
Lemma 6 Given a point p in the rectilinear plane, each region of the diagonal partition with respect to p has the uniqueness property.
Proof: We need to show that for any two distinct points u and w that lie in the same region, kwuk < max(kwpk; kupk). This is obvious for the one dimensional regions. Consider u; w in one of the two dimensional regions. Assume without loss of generality that kupk kwpk ( )g shows that this bound is tight. Lemmas 2 and 3 imply that the maximum MST degree in the rectilinear plane is equal to 8.
We now show an analogous result for three-dimensional rectilinear space. Consider a cuboctahedral partition of < 3 1 into 14 disjoint regions corresponding to the faces of a truncated cube (Figure 2(a-b) ), i.e., 6 congruent pyramids with square cross-section (Figure 2(c) ) and 8 congruent pyramids with triangular cross-section (Figure 2(d) ). Most of the region boundaries are included into the triangular pyramid regions as shown in Figure 3(c) , with the remaining boundaries forming 4 new regions (Figure 3(d) ), to a total of 18 regions. Following the same strategy as in the two-dimensional case, we rst show that the uniqueness property holds.
Lemma 8 Given a point p in three-dimensional rectilinear space, each region of the cuboctahedral partition with respect to p has the uniqueness property.
Proof: We need to show that for any two points u and w that lie in the same region of the cuboctahedral partition, kwuk < max(kwpk; kupk). This is obvious for the 2 dimensional regions that are the boundaries between the pyramids (by an argument analogous to that of Lemma 6).
Consider one of the square pyramids R with respect to p (Figure 2(c) ), and let u; w 2 R. Assume without loss of generality that kupk kwpk (otherwise swap the roles of u and w). Consider the locus of points D R that are distance kupk from p. (Figure 2 contain their boundary points). Thus, w is closer to u than it is to p, which implies that the region R has the uniqueness property.
To show the uniqueness property for the triangular pyramids, consider one of the triangular pyramids R with respect to p (Figure 2(d) ), and let u; w 2 R. Assume without loss of generality that kupk kwpk (otherwise swap the roles of u and w). Consider the locus of points D in R that are at distance kupk from p (Figure 2 and passing through w. By the triangle inequality, kwuk kwbk + kbuk < kwbk + kbpk = kwpk (recall that each triangular region is missing one of its boundary faces, as shown in Figure 3(a-b) ).
Thus, w is closer to u than it is to p, which implies that the region R has the uniquenes property.
Thus every one of the 18 regions of the cuboctahedral partition has the uniqueness property. If D = 4, the question can be decided in polynomial time. In fact, our methods establish that such a bounded-diameter MST can be computed as e ciently as an ordinary MST. On the other hand, if D = 2, the problem is essentially a rectilinear traveling salesman problem (a wandering salesman problem, since the tour is a path rather than a circuit), and it is therefore NP-complete. Theorem 11 The maximum degree of a minimum-degree MST over any nite pointset in 3-dimensional rectilinear space is either 13 or 14; that is, 13 ^ (3; 1) 14.
Proof: For the lower bound, the following pointset shows that the maximum degree of an MT isÎ(k; p) 13 We note that there is an elementary means to settle the 13 vs. 14 question raised in Theorem 11. Suppose we are trying to decide whether 14 points can be placed on the surface of a unit octahedron so that each pair is greater than a unit distance apart. The relationship between point (x i ; y i ; z i ) and point (x j ; y j ; z j ) can be phrased by the inequality jx i ?x j j+jy i ?y j j+jz i ?z j j > 1 subject to the constraints jx i j + jy i j + jz i j = 1 and jx j j + jy j j + jz j j = 1. The absolute values can be removed if the relative order between x 1 and x 2 , etc., is known. We can therefore consider all permutations of the coordinates of the 14 points and produce the corresponding inequalities. If the inequalities corresponding to a particular permutation are simultaneously satis ed,^ (3; 1) = 14, otherwise^ (3; 1) = 13. Feasibility can be settled by determining whether a particular polytope contains a nonempty relative interior (this approach is easily extended to any dimension k). We have not settled the 13 vs. 14 question, and the above procedure seems impractical due to the large number of resulting inequalities. 
Theorem 14
The maximum degree of a minimum-degree MST over any nite pointset in < k 1 is 2 k ; that is,^ (k; 1) = 2 k .
Proof: We rst show the result for p = 1; note that the L p unit ball is a k-hypercube. The upper bound is established by consideringÎ(k; p), the number of points that can be placed on boundary of a unit ball in < k p such that each pair of points is strictly greater than one unit apart. Note that at most one point can be placed in each k-ant (the k-dimensional analogue of \quadrant"). The lower bound is established by considering the set of 2 k vertices of a k-hypercube.
Theorem 15 For each k, there is a p such that the maximum degree of a minimum-degree MST over any nite pointset in < k p space exceeds 2 k ; that is, for all k there exists a p such that^ (k; p) > 
Conclusion
Motivated by practical VLSI applications, we showed that the maximum possible vertex degree in an L p MST equals the Hadwiger number of the corresponding unit ball, and we determined the maximum vertex degree in a minimum-degree L p MST. We gave an exponential lower bound on the MST number of a k-crosspolytope, and showed that the MST number for an L p unit ball, p > 1, is exponential in the dimension. We concentrated on the L 1 metric in two and three dimensions due to its signi cance for VLSI: for example, we showed that for any nite pointset in the rectilinear plane there exists an MST with maximum degree of at most 4, and that for three-dimensional rectilinear space the maximum possible degree of a minimum-degree MST is either 13 or 14.
We solved an open problem regarding the complexity of computing bounded-degree MSTs by providing the rst known polynomial-time algorithm for constructing a MST with maximum degree 4 for an arbitrary pointset in the rectilinear plane. Moreover, our techniques can be used to compute a bounded-diameter MST as e ciently as an ordinary MST. Finally, our results also enable a signi cant execution speedup of a number of common VLSI routing algorithms.
Remaining open problems include:
1. Whether the MST number for L 1 in three dimensions is 13 or 14;
2. The complexity of computing a planar Euclidean MST with maximum degree 4; 3. Tighter bounds on the Hadwiger and MST numbers for arbitrary k and p.
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